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ON SINGULAR POINTS OF LINEAR DIFFEKEN- 
TIAL EQUATIONS WITH REAL 
COEFFICIENTS.* 


BY PROFESSOR MAXIME BOCHEB. 


(Read before the American Mathematical Society at the Meeting of Oc- 
tober 29, 1898. ) 


Let us consider the equation 


ad” 


x 


in which the coefficients p,, p,, --- , p, are throughout a certain 
interval a < x < 6 continuous real (but not necessarily ana- 
lytic) functions of the real variable z. By a solution of 
(1) we shall understand any function of z which together 
with its first n — 1 derivatives is single valued and contin- 
uous throughout the interval a << 6 and at every point 
of this interval satisfies (1). It is well known that there 
is one and only one solution of (1) which at an arbitrarily 
chosen point of the interval in question has together with 
its first n — 1 derivatives arbitrarily chosen values. The 
object of the present paper is to consider the behavior of 
these solutions as we approach one end of the interval. It 
will clearly be sufficient if we confine our attention to the 

int a. 
P The simplest case would be that in which all the coeffi- 
cients p,. p,, ***, p, approach finite limits as x approaches a. 
Then would come the case in which, although this is not 
true, none of these coefficients become infinite as z ap- 
proaches a. Without considering separately these possibil- 
ities we will go on at once to a more general case which 
includes them as special cases. 

We will say of a function f(z) that it is integrable up to 


the point a if f(x) dx (where a < ¢ <b) converges; i. if 


*The only investigations with which I am acquainted concerning the 
singular points of linear differential equations whose coefficients are not 
assumed to be analytic, are contained in two papers by Kneser, Crelle, 
vols. 116, 117. These papers deal with a certain class of irregular points, 
to use the terminology suggested in the present paper. The singular 
point in question is taken at infinity. 
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f. f(x) dz approaches a finite limit as approaches zero. We 


ean now state the following theorem : 

I. If the absolute values | p,|(i =1, 2, ---, n) of all the coeff- 
cients of (1) are integrable up to the point a, there exists one and 
only one solution of (1) such that it and its first n--1 deriva- 
tives approach arbitrarily chosen finite limits a, a’, a!’, ---, a*— ag 
x approaches a. This solution may be written in the form 


a)?+-- 
a@—» 


+ 
where ¢(x) is single valued and continuous when a =z <b and 
a)=0. 
<— this proposition is merely a special case of theorem 
III we omit its proof here. 

If we assign to the n quantities a®(i = 0, 1, ---,m — 1) in 
succession the values a,, a,, ---, 4, we determine by theo- 
rem I in succession n solutions of (1) which we will call 
Now it is readily seen (just as in the case in 
which a is a non-singular point*) that the necessary and 
sufficient condition that y,, y,, --, y, are linearly indepen- 
dent is that the determinant 


ja, a,’ | 
(n—1) 
A a, a, a | 
| 
| 

n n 


is different from zero. It is, therefore, possible to give to 
the n’ quantities « such values that y,, y,, ---, y, are linearly 
independent of each other, so that any solution of (1) can 
be expressed in the form 


y= Cy, + Cy, + Cy, 


From this we infer at once the following theorem : 

II. If all the functions |p,| (i =1, 2, ---,n) are integrable up 
to a, every solution of (1) approaches, as does also each of its first 
n — 1 derivatives, a finite limit as x approaches a. 

It will be seen that the class of singular points we have 
just considered has all the characteristics of non-singular 


* Cf. for instance Schlesinger’s Handbuch, vol. 1, part 1, chap. 2. 
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points. We pass now to another class of singular points 
and we will begin with the following theorem: 
III. Jf the functions 


| Pals (2 — @) | Peg il, (2 — 


are integrable up to the point a, there exists one and only one 
solution of (1) which, together with its first n — k — 1 derivatives, 
approaches the limit zero as x approaches a, while the k succeeding 
derivatives approach arbitrarily assigned finite limits 


This solution may be written in the form 


a®—» 


+ 9 (x) 


where ¢(x) is single valued and continuous when a =x < 6b and 
g(a) =0. 

This reduces to theorem I when k = n. 

In proving this theorem it will clearly be sufficient if we 
confine our attention to any portion ac, however small, of 
the interval ab. In order to facilitate the proof we will then 
take ¢ so near to a that 

1. e—a<1; and 

2. M<1. where M is the greatest value which the func- 
tion 

F2)=f (@— 4) l 
+--+ dz 


takes on when a=z=c. That this is possible is clear from 
the fact that F(z) is continuous and that F(a) = 0. 

In order to prove our theorem let us use the method of 
successive approximations. We start with the function 


and compute the functions Y,, Y,,--- by means of the 
formulz 
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(2) = dr, = ds, 


We must first of all prove that these integrals converge. In 
order to do this let us introduce a quantity C so chosen that 
when a=z Sc 


We will now prove the convergence of the integrals (2) and 
at the same time show that they satisfy the following in- 
equalities 


(3) --, 1 (@—a) CM", CM", 
< Cre. 


These inequalities hold when m= 0 and the integrals (2) 
converge when m=1. Now let m, bea positive integer and 
assume that the integrals (2) converge when m=m, and 
that the inequalities (3) hold when m=m,—1. From this 
assumption it follows at once, when we remember thet at 
every point of ac we have z —a <1, that the inequalities 
(3) hold when m = m, and that therefore the integrals (2) 
converge when m= m, +1. Thus the convergence of (2) 
and the truth of (3) are established by the method of math- 
ematical induction. 

We can now prove at once by means of the inequalities 
(3) that the series 


converges throughout the interval ac and represents the de- 
sired solution of (1). As the proof to be used does not differ 
from that always used in such cases it seems unnecessary to 
give it here. 

In order to prove that the series (4) really gives a func- 
tion of the form mentioned in the closing lines of theorem 
III,* it will clearly be sufficient to prove that each of the 


* This also follows at once from the formula for the remainder in Tay- 
lor’s theorem. 
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functions Y, (¢=1, 2,--- ) is of the form (z— a)" 
where ¢,(z) is continuous throughout the interval a=zSe 
and ¢(a)=0. This follows at once when we remember 
that Yo-» is continuous throughout the interval ac and 
vanishes when z = a and that Y, is obtained from Y,;"~” by 
means of x — 1 integrations from a to z.* 

In order then to establish theorem III completely, it re- 
mains merely to show that (1) cannot have two different 
solutions satisfying the conditions there stated. This, as 
in other similar cases, will be accomplished if we can prove 
that a solution of (1) which together with its first n — 1 de- 
rivatives approaches the limit zero as z approaches a must 
be identically zero. This can be proved by the method of 
Lindelof (Liouville’s Journal, 1894, p. 118). For let y be 
such a solution, and consider the functions 


(5) —2,{(n—k— k—n, 
(z—a)~*y 

It is readily seen that all these functions approach zero as 
z approaches a. We will denote by m the greatest value 
which the absolute value of any of these functions takes on 
in the interval ac. If we can prove that m= 0, it will 
evidently follow that y is identically zero, as was to be 
proved. Now we have 


yo = — + + Pade, 


and therefore denoting by F(x) the same function as is thus 
denoted on p. 277, and by Y, its greatest value in ac 


| SmF(2) SmM, |y*-?|SmM —a) 
| SmM |yl SmM (2 —a)**. 


From this it follows that the absolute values of none of the 
functions (5) can exceed the value mM in the interval 
a=z Bc, while by hypothesis one of them, at least, has the 
value m at a point of this interval. Now, since we know 


* We have here merely to use the easily established formula 


im [ (2—a)'¥y(2)az ] =o 


kisa integer-while ¥(z) is continuous throughout ac and 


~ 
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that M< 1, it is seen at once that we have a contradiction, 
unless m = 0. 
We will now confine our attention to differential equa- 
tions of the second order 
d’y dy 
(6) 


and we will assume that 


where » and » are real constants and p, and q, are continuous 
throughout the interval a << band |p,! and (x 
are integrable upto a. When these conditions are satisfied 
we will speak of a as a regular point of (1) from analogy 
with the case in which p and q are single valued analytic 
functions of the complex variable x. We may note that 
the case here considered includes as a special case (viz. 
=v=9) the case considered in theorem III in so far 
as that theorem refers to equations of the second order. 
Let us now form the equation 


p(ep—1) 


which (from analogy as before) we will call the indicial 
equation of the point a. The roots of this equation we will 
denote by ~ and z” and we will call them the exponents of 
the point a. The following theorems may now be estab- 
lished by computation so simple that it is unnecessary to 
give it here: 

IV. If ais a regular point of the equation (6) with exponents 
x and z’, and if we introduce a new dependent variable by means 
of the relation y = (x — a)‘ y, then y will satisfy a homogeneous 
linear differential equation of the second order for which a isa 
regular point with exponents z’ — ¢ and x" — ¢. 

V. If a iso regular point of the equation (6) with exponents 
z and x’, and if we introduce the new independent variable x 
by means of the relaticn 2 —a=-x where ¢ is a real positive con- 
stant, the new linear differential equation of the second order thus 
obtained will have the point x= 0 as a regular point with expo- 
nents ez’ and 

We shall now leave out of consideration the case in which 
the exponents of a regular point a of (6) are conjugate 
imaginaries and also the case in which they are real and 
equal. There remains then merely the case in which the 
exponents ~’ and z”’ are real and unequal. Let z’ be the 


| 
| 
| 
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larger of these two exponents so that « = x’ — z” is positive. 
Let us then introduce into (6) the new dependent variable 
y by means of the relation y= (x—a)*’y. The equation 
(6) thus obtained has by theorem IV fhe point z=a asa 
regular point with exponents 0 and z. Let us now intro- 
duce into (6) the new dependent variable z by means of the 
relation z—a=-'«, The equation (6) thus obtained has 
the point z = 0 as a regular point with the exponents 0 and 
1. It must therefore have the form 
=0 
(6) ae TPG 
where p and = q are integrable up to the point 0. 
Now we know from theorem III that (6) has a solution 
of the form 
y, =z E, (x) 
where E, (x) approaches a finite limit different from zero as 
z approaches zero. By using the formula 


we readily see that every solution of (6) which is linearly 
independent of y, approaches a finite limit different from 
zero aS z approaches zero.* Let y, = E,(z) be such a so- 
lution. Going back now to equation (6) we get at once the 
following theorem : 

VI. If a is a regular point of (6) with real unequal exponents 
x and x", then (6) has two linearly independent solutions of the 


form 
E(x), 


where the functions E, and E, are continuous throughout the inter- 
val a =z < b and where E,(a) and E,(a) are different from zero. 

This theorem fully justifies us in applying the term expo- 
nent to the quantities x and x’. 

In conclusion I will mention that this paper may be re- 
garded as an amplification and generalization of some of the 
results contained in my third paper on “The Theorems of 
Oscillation of Sturm and Klein,’’ cf. in particular pp. 25-32 
of the present volume of the BULLETIN. 

HARVARD UNIVERSITY, CAMBRIDGE, MAss. 


* For further details cf. p. 32 of the present volume of the BULLETIN. 


—fe 


282 THE HESSIAN OF THE CUBIC SURFACE. -[March, 


THE HESSIAN OF THE CUBIC SURFACE. 
BY DR. J. I. HUTCHINSON. 


(Read before the American Mathematical Society at its Fifth Summer 
Meeting, Boston, Mass., August 19, 1898.) 


§1. A special form of the Hessian, the codrdinates of which are 
expressible in terms of hyperelliptic functions. 


Let [o,] ((=1, 2, --, 6) be a set of six simultaneous 
half periods (or briefly, six half periods) forming what 
might be called a Weber Sextuple, i. e., a sextuple having no 
more than three half periods in common with any Rosen- 
hain sextuple.* 

Also let 4 be an even theta function of order four and 
characteristic zero, vanishing (of the second order) for the 
six half periods [w,]. Every such function can be expressed 
linearly in terms of four functions of the same kind. De- 
noting these latter by z,, z,, z,, z,, it is evident that between 
them exists a homogeneous algebraic equation of the fourth 
degreet 


(1) %y = 0. 

Interpreting this equation geometrically as representing 
@ quartic surface, we observe that to the remaining ten half 
periods correspond ten nodes on the surface.{ Also, since 
there are teu theta functions of the first order 
6, (j=1, 2, 10) 


which vanish for three of the half periods [»,], the ten 
equations 


(2) =0 (j =1, 2, --, 10) 


represent ten lines on the surface f.§ It is apparent that 
the ten nodes and the ten lines form the vertices and the 
edges of a complete pentahedron, and hence the surface f is 
the Hessian of acubic. It is not the Hessian of the most 
general form of the cubic, however, since that depends on 


* Such a sextuple corresponds, as Weber has shown, to six independent 
nodes of the-Kummer surface, from which the ten remaining nodes can 
be determined. 

+See Humbert, ‘‘ Théorie générale des surfaces hyperelliptiques,’’ 
Liouville’s Journal, 1893, p. 460. 

t Ibid., p. 48. 
¢ Ibid., p. 44. 


1899. ] THE HESSIAN OF THE CUBIC SURFACE. 283 


four essential constants, while the equation f= 0 contains 
only three. 

Without attempting any general study of algebraic curves 
traced on the surface f, I will mention some of those of low- 
est order which appear to have properties of interest. 

The function 4’ vanishes of the second order for three 
of the half periods [»,]. A theta function of the second 
order and characteristic zero which is required to vanish for 
the three remaining half periods is completely determined. 
Denoting this function by 6”, the equation 


(3) 8° =0 


is the hyperelliptic equation of a conic on the surface f. 
Further, since the product 46 is an even function of the 
fourth order and characteristic zero which vanishes for all 
six of the half periods [»,], and hence is linearly expres- 
sible in terms of the coordinate functions z, it follows that 
the conic 67 lies in a plane which is tangent to f along the 
line 

Suppose #,, #,, #,, 4 represent four lines lying in one of 
the planes of the pentahedron. The product of these four 
theta functions is therefore linearly expressible in terms of 
the coordinate functions, and vanishes to the second order 
for the six half periods [w,]. Hence the function 


vanishes to the fourth order for the same half periods and 
is accordingly expressible as a quadratic function of the 
coordinates. Hence the corresponding four conics lie on a 
quadric, constituting its complete intersection with f. There 
are five such quadrics. 

It is possible to'determine a function of the third order 
6 which vanishes of the first order for the three half 
periods that annul #, and of the second order for the three 
remaining half periods [w,]. The function so determined 
contains one remaining arbitrary parameter. Hence the 
equation 


(4) 0? =0 


represents a family of plane cubics lying in the planes hav- 
ing the line 4, for axis. Let 9,, 6, denote for brevity two 
functions of the family (4). It is possible to choose (in 
two ways) three of the functions occurring in (3), say 
0, 0, 6, so that 6:76@ - 0,6, shall be a function van- 
ishing to the sixth order for the half periods [w], and 


| 
= 
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hence expressible as a cubic function of the coordinates, 
Therefore, any two curves of the same family (4) lie on a cubie 
surface — meets f elsewhere in three of the conics (3). 

If 4, *, 6, represent three lines which meet in a point, 
the evideatly vanishes of the second order 
for two of the half periods [w,], of the third order for two 
others, and of the first order for theremaining two. Every 
function 6% of the fourth order, and of the same charac- 
teristic and odd or even with 4,4,, vanishes of the first order 
(or higher) for the four half periods last mentioned above. 
The arbitrary constants in the general function of this class 
can be so chosen that the product 979,46? vanishes of the 
fourth order for each of the half periods fal, and hence is 
expressible as a quadratic function of the coordinates in- 
volving one arbitrary parameter. It follows from this that 
the equation 


(5) == 


represents a family of biquadratic curves formed by the in- 
tersections with f of a family of cones touching f along one 
line and intersecting it in two others. As in the case of 
cubic curves, it is easy to see that any two curves of the same 
family lie on a cubic surface which touches f along two straight 
lines. 

There are evidently 15 families of such biquadratics cor- 
responding to the 15 characteristics different from zero, and 
15 pairs of families of cones containing them. 

A second class of woe eye” curves is determined as fol- 
lows : Suppose ¥,, #,, 4,, 8, correspond to four lines forming 
a gauche ‘Let be a function of the 
fourth order, and such that the product 8 8 5 i is an 
even function of characteristic zero and vanishing to the 
fourtk order for all of the half periods [uv]. Then 


(6) = 0 


represents a family of «* biquadratics having the property 
that any two curves of the family lie on a eubie surface passing 
through two conics on f. 

Each of the 15 families (6) corresponds to one of the fifteen 
families (5) in such a way that any two curves, one from each of 
two corresponding families, lie on a quadric. For, a pair of 
planes can be chosen (in two ways) so as to contain the four 
lines 3,, 4,, 6, 3. These two planes intersect in a line, say 
#, and each intersects f in one other line, say 4, and 4, 
Hence 474,3,4,5, 5,9, can be expressed as a quadratic function 
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of the coordinates, and accordingly 9{6{2,, can also be so 
expressed. 

A third class of biquadratics is determined by the even 
functions 9{?, of the fourth order and characteristic zero 
which vanish of the fourth order for one of the half periods 
[w,], and of the second order for four other half periods. 
Let [»,] be the remaining half period. Then, it is possible 
to find three functions of the form 4747, 576, 0°@,®, each 
of which vanishes of the fourth order for [,] and of the 
second order for all of the other half periods except [w,]. 
The product of 6 with any one of these three functions is 
expressible as a quadratic function of the codrdinates and 
hence 


(7) =0 


represents an 0 ' of biquadratic curves which lie on a family 
of cones touching f along two lines 4, and 4, on a family of 
cones touching f along a line 4, and intersecting it in a conic 
@., and on a family of quadrics intersecting f in two conics 
6 and @,®. It can further be shown that these curves 
also lie on a family of cubic surfaces which touch f along a 
line and intersect it in six other lines. 

The 30 families of biquadratics (7) are evidently associ- 
ated two and two, so that two curves, one from each of two as- 
sociated families, lie on a quadrie surface. 

I will stop to notice only one other class of curves, a 
family of « * sextics first mentioned by Steiner.* 

If 6 be an odd function of the sixth order and char- 
acteristic zero, determined so as to vanish of the third order 
for each of the half periods of the given sextuple, then 


(8) =0 


represents a family of 0 * sextic curves having the property 
that any two curves of the family lie on a eubie surface. Since 
the six edges of a tetrahedron formed by any four planes of 
the pentahedron is a degenerate sextic of the family (8), it 
follows that this family of sextics lies on five families of 
cubic surfaces each family of which intersects f in the six 
edges of a tetrahedron. 

The equation of the hyperelliptic surface f can be derived 
without difficulty by expanding the coordinate functions in 
the neighborhood of a pair of half periods and equating to 


*Steiner, “‘ Ueber die Fliichen dritten Grades,’’ Crelle, vol. 53 (1857), 
p. 141. 
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zero the coefficients of the lowest powers of the infinitesimals 
occurring in the assumed form for the equation of the 
Hessian. For the sake of brevity I will employ a notation 
slightly modified from that used by Humbert in the memoir 
already quoted. Denoting the four columns 


1100 
1, 6,:1,.0 


by the digits 1, 2, 3, 4 respectively, the symbol (12), for 
example, will be used to denote the theta function of the 

first order with characteristic [%] ; while, numbering the 
columns in the reverse order, the symbol 12 will denote 

the pair of half periods represented by the characteristic 
00 


“Paking the equation of the Hessian in the form given by 
equation (9) of the next section, and selecting 11, 22, 33, 21, 
31, 14 for a sextuple of half periods [w,], we may assume 
w = (11)(12)(31)(32) 
x = (13)(24)(32)(41) 
y = (11) (21)(13) (28) 
z = (21)(31)(24)(34) 
u = (12)(23)(34)(41). 
The linear relation between these five functions is found to 


be 
u=aw + + yy + oz 


where, using the bracket to denote the value of the en- 
closed function for zero arguments, 


— | CD G2)G3) (24) (42) (33) 
(23) (43) (44) (22) (34)(43) J, 
(11) (83) (24) (11) (24) (42) 
(32)(34)(44) J, (22) (23)(32) J, 
The ratios of a, b, c, d, e are found to be 
a b c d 


§2. Extension of the Preceding Results to the General Hessian. 


The results of the preceding section are easily shown to 
be true without any modification for the general Hessian. 
The equation of the Hessian may be written 


| 
| 
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(9) F= aryzu + bwyzu + ewrzu + dwryu + ewxyz = 0, 


where w, x, y, z, u represent the five planes of the pentahe- 
dron. The equation is unchanged in form by the group of 
120 permutations made simultaneously on the two sets of 
letters w. x, y, z, u, and a, b, ¢, d, e. 
The plane which touches F along the line wz has for 
equation 
ow + ax= 0. 


The conic in which this plane meets F also lies on the cone 
ezu + dyu + eyz=0. 


Denote this conic by {wr}. The nine other conics may be 
denoted in a similar manner by {wy}, {xy}, ete. 

As was seen in §1, the four conics whose symbols have a 
common letter, say {wx}, {wy}, {wz}, {wu}, lie on a quadric 
surface, since (9) can be put in the form 


(10) a F= (bw + ax) (ew + ay) (dw + az)(ew + au) — w’Q, 
where 
Q,, = bedew* + aw(edex + bdey + beez + bedu) 
+ a*(dexy + cexz + edzu + beyz + bdyu + bezu). 
By means of the permutations 


(wx) (ab), (wy)(ac), (wz)(ad), (wu) (ae), 


we obtain four other quadrics Q., Q,, Q,, Q,, each of which 
intersects F in four conics. 

Passing now to the family of cubic curves lying in planes 
through the line wz, it can be shown that any two curves 
of the family lie on a cubic surface passing through the 
three conics {wy{, {wz}, {wu}. For this purpose multiply 
both members of (10) by an arbitrary constant a, and add 
and subtract on the right member the term 


a*Q,(w + x2)(w + 
x and x’ being arbitrary constants. We have 
aa F = M— + 2x) (w+ 
where 
M = a(bw + ax) (ew + ay) (dw + az)(ew + au) 
+ + xx) (w + x) — aw’). 


It is now necessary to determine a in such a way that M 
shall contain the factor bw+az. This being done, the 
equation takes the form 
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(bz — a) (be — F = (bw + ax) C 
(11) — + xx) (w+ 
where 
C= (bx — a) ( bx’ — a) (ew + ay) (dw + az)(ew + au) 
+ Q, [axz’x + w(ax + ax’ — bzz’)]. 


The function Cis unchanged for the group of permuta- 
tions of order six made simultaneously on the two sets of 
letters y, z, u; ¢,d, e. Hence there are 12° = 20 different 
families of {cubic surfaces of the same type as C. Two 
such families of cubic surfaces are associated with each of 
the ten families of plane cubics, since by the substitution 
(wx)(ab) equation (11) takes the form 


(bx — a)(bx' — F = (bw + ar) + x2) (w + 22), 


where C’ is the result of applying the substitution to C after 
multiplying by a proper constant. 

As a special case of the preceding result, we have for 
x= x’ the theorem : 

With each family of plane cubics is associated two families of 
cubic surfaces, each of which intersects F in three conics and.touches 
F along the family of cubic curves. 

Consider next the family of cones 


R= y(ez + du) —duz=0 


which touches F along the line zu and intersects it in the 
lines yz, yu. It intersects F besides in a family of biquadra- 
tics which lie also on the family of cones 


S= y(bw + ax)+(¢ + = 0, 
since F can be putin the form 
F=wzrR + wS. 
Let RF’, S’ denote the functions R, S when 2 is replaced by 
a new value 7’. Then the equation 
— i (bw + ax)R+ (e+ 1) (ez + du)S 
= — A(bw + ax)R’ + (e+ 4)(ez2 + 
= cy(bw + ar) (ez + du) + +ar) 
+ (e+ 4)(e+ 2’)wr(ez + du) = 0 


represents a cubic surface containing the intersection of R 
and S, and also the intersection of #’ and S’, and evidently 
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tangent to these cones (and hence tangent to F’) along the 
lines wz and zu. 

When 2 =/7’, we have as a special case of the above: 
With each of the 15 families of biquadratie curves iz associated a 
family of cubic surfaces of which each surface is inscribed to F 
along two lines and a biquadratie of the associuted family. 

Consider the gauche quadrilateral formed by the lines 
wu, xz, zu, wz. The family of quadrics containing these 
four lines is represented by the equation 


Ny, =we + = 0. 
The most general equation of the quadric containing the 
lines yz, yu, and the conic {wz} is 
Py = y(bw + ax) — A(ezu + dyu + eyz) = 0. 
The intersection of N, and P, lies on F, since 
F= Ny — Pr. 


Any two biquadratics of the family so determined lie on 
a cubic surface whose equation has the forms 


e(bw + ax)N, + [bw + ax — i’(ez + du)] Py 
= e(bw + ax) Ny + [bw + ax —2(ez + du)] Py 
= (bw + ar) (axry + bwy + ewr) 
— (ez + du) [Ar(bw + ax) + 4’P, ] =0, 


showing that the cubic, besides containing the biquadratics 
whose parameters are / and 7’, also contains the two conics 
{wrt and {zu}. For A= 2’ we have in the above equation a 
family of cubic surfaces which touch F along the family of 
biquadratics. 

Each family of the second class of biquadratic curves is associ- 
ated with a family of the first class so that any two curves being se- 
lected, one from each family, a quadric can be found which contains 
them both. This result appears at once when F takes the 
form 

F= N,R + — dy(du + ez) + 


+ ary + bwy + ewx] 
The family of cones K, having their vertices at the point 


wyu and touching F along the lines wy and wu has for equa- 
tion 


(12) Ky, = dw? + ewy + ewu + ayu = 


2 
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A second family of cones K,’ touching F along the line zz 
and meeting it in the conic {yu} is represented by the equa- 
tion 

(13) Ki’ = 2(uxz + bwz + dwx) + (ey + cu) (dx + bz) = 0. 


The two cones K, and K’, which correspond to the same 
value of 2 intersect in a biquadratic lying on F since 


A)F= K,K,?’ Ky,-K,! 
where Ky, K,’ are the functions of equations (12) and (13) 


with /’ written in the place of 2. 
Also the family of quadrics 


(14) LD, = (ax + bw) [2(dw + az) + d(ey + cu)] 
+ ab(ezu + dyu + eyz) =0 
which meets F in the two conics {wr} and {wz} intersect it 
also in the family of biquadratics defined by K,, since 
Finally the family of cubic surfaces 
= — Awaz + dryu + byzu = 0 
which touches F along the line zz, and meets it in the line 
wy, WU, ry, 2U, yz, ux, also contains the same family of bi- 
quadratics, since 
F= wl, 


The functions K,, K,’ are unaltered by the permutation 


group 
1, (yu)(ce), (az)(bd), (yu)(xz) (ce) (bd). 


It therefore follows that there are 30 families of biquadratic 
curves generated in the same manner as the above mentioned 
family. Consider in particular the family obtained by ap- 
plying the permutation (zy)(zu)(be)(de) to the preceding 
equations. Denoting by K, K’, etc., the left members of 
the new equations and writing » in the place of 4, we have 
K, = pw’ + dwxr + bwz + azz 
K’,, = »(ayu + ewu + ewy) + (dz + bz) (ey + cu) 
L, = (ay + ew) [u(ew + au) + e(dx + bz)] 
+ ac(bzu + exz + dru). 


Any two curves, one from this family and one from the family 
preceding, lie on a quadrie surface. 
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For F can be written in the form 
aF= K, K,—wJ 
where 
J = + A(bwz + + azz) + n(ayu + ewu + ewy) 
+ (bz + dr) (ey + cu). 

Also, alpF = K,’K,! — J-(dz + bz) (ey + eu), 
and a(bede — — ace) -F = L, L, — Q,J. 
The thirty families of biquadratic curves of this class are 
associated in pairs in the manner just described. 

The five families of cubic surfaces mentioned in the pre- 
ceding section which intersect F in Steiner’s family of sex- 
tic curves have for equations the following : 

C, = xexyz + (x — 2)byzu + (x — z)exzu + (x — v)dryu = 0, 

C, = Aewyz + (A — x)ayzu + (A— pn) ewzu + (A — v)dwyu = 0, 

C, = pewxz + — x)axzu + (4 —A)bweu + — »)dwzu= 0, 

C, = vewry + — x)aryu + (v — A)bwyu + (» — cwru = 0, 

C, = xaxyz + Abwyz + pewxz + vdwry = 0. 

These five functions are connected by the linear relation 
aC, + + eC, + dC, = eC, 


That all five cubics intersect F in the same family of sextics 
is shown by the identities 
sF=wl,+uC, AF= 20, + uC, 
pF =yC, + uC, »-F = 20; + uC, 
etc., etc. 
The family of cubic surfaces 
C= + VOC, + + = 0 


passes through the sextic s common to C,, C,, C,, C,, and 
cuts out of family of other sextics, z’, 7’, »’, being 
arbitrary parameters. These belong to the same family 
with s, since C may also be written 


C= + + + dC, 


where C,’, C,', C,', C/ are the cubics C,, C,, C,, C, with 
x, 4, replaced by 7’, »’, »’, and represent four surfaces 
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passing through the sextic s’ whose parameters are z’, 4’, p’, v’. 
Hence: Any two curves of the above mentioned family of seztics 
lie on a cubic surface. 

As a special case we have for = x, =/, =p, / 
the theorem of Steiner: A cubic surface can be inscribed to the 
Hessian F along any sextic curve of the family. 

CORNELL UNIVERSITY, ITHACA, N. Y. 


ON THE SIMPLE ISOMORPHISMS OF A HAMIL- 
TONIAN GROUP TO ITSELF. 


BY DR. G. A. MILLER. 


(Read before the American Mathematical Society at its Fifth Summer 
Meeting, Boston, Mass., August 20, 1898.) 


Ir all the operators of any group G, of a finite order 
g, are transformed by each of the operators of one of its 
subgroups they are permuted according to a substitution 
group that has a1, «a isomorphism to this subgroup. The 
value of a will, in general, be different for the different sub- 
groups and it will assume its maximum value a, when G, 
is transformed by all of its operators. The a, operators 
of G, that are commutative to each one of its operators 
constitute an abelian characteristic subgroup of G,. Hence 
the factors of composition of G, are the prime factors of a, 
together with the factors of composition of the correspond- 
ing quotient group 

I, is evidently simply isomorphic to the substitution 
group which is formed by all the permutations of the oper- 
ators of G, when every operator of G, is transformed by 
each one of its operators. This substitution group must 
always be intransitive, since each operator is commutative 
to itself and hence the substitution group cannot contain 
any substitution that involves all the elements of the group. 
When G, is a simple group each of the transitive constitu- 
ents of this substitution group must be simply isomorphic 
to G.. 

From the fact that the given substitution group which is 
simply isomorphic to J, must be intransitive and does not 
contain any substitution whose degree is equal to the de- 
gree of the group we may easily derive some important 
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group properties of any non-abelian group. For instance, 
every non-abelian group must contain more than one sys- 
tem of conjugate operators * If each system includes only 
two operators the group must contain at least three systems. 
There is no group in which each operator permutes the 
operators of no more than one system of conjugate oper- 
ators. If a group contains only two systems of conjugate 
operators it must permute at least one of them according to 
a non-regular group. 

J, is generally called the group of cogredient isomor- 
phisms of G,. If we transform all the operators of J, by 
each one of them we obtain its group of cogredient isomor- 
phisms or the second group of cogredient isomorphisms J, 
of G, Similarly we may obtain the third group of co- 
gredient isomorphisms J, of G,, ete. 

If we represent the orders of these successive groups of 
cogredient isomorphisms by i,, i,, i,, ---, respectively, it must 
happen that for some finite value of « 


=ta+1 


As i, must then be equal to all the 7’s which follow it, we 
may suppose that it terminates the series. The groups for 
which 71, = 1 are a special class of solvable groups which 
include the groups whose order is a power of a prime, ac- 
cording to a well known theorem of Sylow. Some of the 
properties of these groups have recently been studied by 
Ahrensf who also observed that they include the Hamilton- 
jan groups as a very special case. It should be observed 
that the successive groups of cogredient isomorphisms cor- 
respond to Lie’s “ adjungierte Gruppen.”’ 

It may happen that there are operators that transform 
the operators of G, according to substitutions that are not 
found in the given substitution group which is simply iso- 
morphic to J,. All the substitutions that can be found in 
this way generate a group which is simply isomorphic to the 
group of isomorphisms of G,. The group of cogredient iso- 
morphisms is evidently a selfeconjugate (not always char- 
acteristic){ subgroup of the group of isomorphisms when- 
ever these two groups are not identical. 

The simplest Hamiltonian group is the well known 


* In this paper each sysfem of conjugate operators is supposed to contain 
more than one operator unless the contrary is stated. That a group may 
contain only one system of conjugate subgroups is evident from the meta- 
cyclic groups of order p (p—1) and degree p, p being any prime number. 

¢ Ahrens, Leipziger Berichte (1897), vol. 49, pp. 616-626. 

t Holder, Math. Annalen (1893), vol. 43, p. 330. 
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quaternion group.* Its group of cogredient isomorphisms 
is the four group. Hence in this case g, = 8, i, = 4, i, = 1. 
The group of isomorphisms of the quaternion group may be 
represented as a transitive substitution group of degree 6 
and order 6.4 = 24. As this group must be isomorphic ‘to 
the symmetric group of degree three, it must be simply iso- 
morphic to the symmetric group of degree four. The group 
of isomorphisms of the quaternion group is therefore a 
complete group. 

The direct product of any abelian group which contains 
no operator whose order is divisible by four and the quater- 
nion group is clearly a Hamiltonian group and every Ham- 
iltonian group may be represented as such a direct product. + 
We proceed to inquire into the group of cogredient isomor- 
phisins of a direct product. If we represent by a given 
letter each of the operators besides identity of the different 
groups which are multiplied to form a direct product, each 
of the operators of the product is completely determined 
by the set of letters that belongs to its factors. To the 
group of cogredient isomorphisms of the product there evi- 
dently corresponds a simply isomorphic intransitive substi- 
tution group in these letters. As the order of this substitu- 
tion group is equal to the product of the orders of the groups 
of cogredient isomorphisms of the given factors we have the 
following 

Theorem I. The group of cogredient isomorphisms of a direct 
product is the direct product of the groups of cogredient isomor- 
phisms of the groups which were multiplied to obtain the first direct 
product. 

Corollary. The group of eogredient isomorphisms of any Ham- 
iltonian group is the four group and its second group of cogredient 
isomorphisms ix identity. 

The group of isomorphisms of any Hamiltonian group 
presents much greater difficulties than that of cogredient 
isomorphisms. We shall first consider a general principle. 
When a group contains a characteristic subgroupt and 
admits isomorphisms to itself which do not affect the opera- 
tors of the quotient group with respect to this characteristic 
subgroup, the operators of the group of isomorphisms which 
correspond to these isomorphisms must form a selfconju- 
gate subgroup. This follows directly from the fact that all 
the simple isomorphisms of the group to itself must corre- 
spond to simple isomorphisms of the given quotient group to 
itself. 


* Dedekind, Math. Annalen (1897), vol. 48, p. 548, 
¢ Miller, BULLETIN (1898), vol. 4, p. 510. 
t Frobenius, Berliner Sitzungsberichte, 1895, p. 183. 
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This principle may be stated in a somewhat more general 
form as follows: When a group contains a selfconjugate 
subgroup, and admits isomorphisms to itself which do not 
affect the quotient group with respect to this selfconjugate 
subgroup, the corresponding operators of the group of iso- 
morphisms must form a subgroup that is transformed into 
itself by all the operators of the group of isomorphisms 
which correspond to isomorphisms that make the given self- 
conjugate subgroup simply isomorphic to itself. When this 
selfeconjugate subgroup is characteristic we obtain the prin- 
ciple as stated above. 

The commutator subgroup of any Hamiltonian group H 
is of order 2. With respect to this characteristic* subgroup 
H is isomorphic to an abelian group. According to the 
principle which has just been stated, the operators of the 
group of isomorphisms of H, which do not affect the opera- 
tors of this abelian quotient group, form a selfconjugate 
subgroup. This selfconjugate subgroup must always in- 
clude the group of cogredient isomorphisms, and each of 
its operators, besides identity, must be of order two.. In 
the quaternion group it is identical to the group of cogre- 
dient isomorphisms. 

We shall now inquire into the order of this selfconjugate 
subgroup when H is any Hamiltonian group of order 
P,, P,, being any odd prime numbers. If one 
operator in a division with respect to the commutator sub- 
group is of an odd order the other must be of an even 
order. Hence we may confine our attention to the given 
isomorphisms of the subgroup of order 2¢ to itself. Since 
the number of these isomorphisms is 2*—' we have 

Theorem II. If the order of a Hamiltonian group is of the form 
p,, p,- being odd prime numbers, the order of its 
subgroup of isomorphisms which do not affect the operators of its 
quotient group with respect to the commutator subgroup is 2*—'. 
This subgroup of isomorphisms contains 2*—'— 1 operators of 
order two and it is selfeonjugate in the group of isomorphisms of 
the given Hamiltonian group. 

Corollary. When the order of a Hamiltonian group is not di- 
visible by 16. this selfeonjugate subyroup of isomorphisms is identi- 
eal to the group of cogredient isomorphisms. 

Any Hamiltonian group of the given order contains a 
characteristic subgroup of order 2*—*. ‘The simple isomor- 
phisms of the group to itself which do not affect the oper- 
ators of the quotient group with respect to this character- 
istic subgroup must correspond to a selfeconjugate subgroup 


" * Miller, BULLETIN (1898), vol. 4, p. 135. 
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in the group of isomorphisms of the Hamiltonian group. 
When «= 3 this reduces to the case which has just been 
considered. 

We proceed to consider the group of isomorphisms of a 
group G which is the direct product of a series of sub- 
groups G,, G,, G,, --, G_ such that each of these subgroups 
corresponds to itself in every simple isomorphism of G to 
itself. We may suppose that each operator of these sub- 
groups with the exception of unity is represented by a par- 
ticular letter. Each operator of G will then be represented 
by a certain combination of these letters. Since each of 
the given subgroups can be made simply isomorphic to itself 
in every possible manner without affecting the isomorphism 
of the other subgroups, the group of isomorphisms of G 
may be represented as the product of the substitution groups 
corresponding to the simple isomorphisms of each of these 
subgroups to itself. Hence 

Theorem III. If a group is a direct product of a series of 
subgroups such that each of these subgroups corresponds to itself in 
every possible simple isomorphism of the group to itself then the 
group of isomorphisms of this group is the direct product of the 
groups of isomorphisms of the given subgroups. 

Corollary. The group of isomorphisms of a Hamiltonian group 
is the diréct product of the groups of isomorphisms of its sub- 
groups of orders 2%, p,*, p,%2, 

CHICAGO, August, 1898. 


GALOIS’S COLLECTED WORKS. 


Oeuvres mathématiques d’ Evariste Galois; publiées sous les aus- 
pices de la Société Mathématique de France, avec une in- 
troduction par M. Emre Picarp. Paris, Gauthier-Vil- 
lars et Fils, 1897. 8vo, x + 63 pp. 

MATHEMATICIANS will welcome this new edition of Galois’s 
works published under the auspices of the French Mathe- 
matical Society. They were originally collected and pub- 
lished in 1846 by Liouville in the Journal de Mathématiques. 
The present edition is a reprint of the first. It is accom- 
panied by a portrait* of Galois and an introduction by 
Picard. 

* A note stating that this portrait was made d’aprés nature when Galois 


was fifteen or sixteen years of age should have been added. It was in 
the possession of the family when discovered by Dupuy. 
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Readers of this BuLLEetINn{ are already familiar with the 
tragic destiny of Evariste Galois. A malevolent combina- 
tion of extraordinary circumstances gave him neither time 
to mature his theories, nor leisure to write down the first 
fruits of his profound meditations. Only fragments have 
come down to us; but these suffice to place their author 
among the few great inventors of all times. In the present 
edition his writings occupy sixty-one pages and embrace 
eight papers. The first five of these, occupying fifteen 
pages, were published during his lifetime; they may be 
grouped into two classes of marked difference. In the first 
class we place the following three memoirs : 

I. ‘* Démonstration d’un théoréme sur les fractions con- 
tinues périodiques.”’ 

II. ‘‘ Notes sur queiques points d’analyse.”’ 

III. ‘‘ Note sur la résolution des équations numériques.”’ 

They are mere notes and have no particular scientific 
value. Historically they are of interest as they show us 
not only that Galois at a very early age assimilated the 
works he read but also that they inspired him to original 
efforts. We proceed to indicate in a few words their con- 
tents. Memoir I has reference to the development of the 
roots of an equation in continued fractions. Memoir IT 
contains two short notes; one deals with the radius of 
curvature of curves in space, the other strangely enough is 
an attempted proof that every continuous function has 
in general a derivative. While this demonstration is of 
course false, it is interesting as an example of Galois’s bent 
to deal with the foundations of a subject. At the same 
time we must not forget that the first mathematicians of the 
age entertained no doubt as to the truth of the theorem and 
that some years before Ampére had made an elaborate at- 
tempt in the same direction. Memoir III is an improve- 
ment of an algorithm of Legendre’s for the solution of nu- 
merical equations. 

In the second class we place the two remaining memoirs. 
These are papers which deal with the two inventions indis- 
solubly connected with his name, viz.: 

IV. ‘‘Analyse d’un mémoire sur la résolution algébrique 
des équations.’’ 

V. ‘‘Sur la théorie des nombres.’’ 

The first of these is a mere statement of some of the re- 
markable results concerning primitive equations and the 
equations of transformation in the theory of elliptic func- 
tions which he had obtained by the aid of his theory. As 


t2 Ser., vol. 4 (April, 1898), p. 332. 
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this paper was published in the April number of the Bulletin 
des Sciences mathématiques, 1830, it shows that Galois, then 
only 18 years of age, had already the essential principles of 
his theory of equations well in hand. This paper is remark- 
able as being the only one he himself published on this sub- 
ject. It occupies a page and a half in the present edition. 
Memoir, V sketches the theory of imaginaries introduced 
by him and named after their illustrious inventor. The 
theory is rapidly and concisely sketched ; still, it is more 
readable than any other of his important papers. It closes 
with an application to the group of equations of degree 
p” soluble by radicals) The few lines he devotes to this he 
thinks sufficient, so that ‘‘ les personnes habituées a la théorie 
des équations le verront sans peine.’’ Curious delusion; 
how many of his misfortunes are directly traceable to this 
source ! 

We turn, now, to the posthumous papers, three in num- 
ber. The first of these is the celebrated Lettre A Auguste 
Chevalier, written the night before the duel which was to 
terminate his career. It gives in a few pages a rapid ac- 
count of his meditations on the solution of equations and on 
the new theory of ultraelliptic integrals founded by Abel. 
The two other papers are a ‘‘ Mémoire sur les conditions de 
résolubilité des équations par radicaux ’’ and ‘‘ Des équations 
primitives qui sont solubles par radicaux.’’ The first of these 
two had nearly acquired a final form at the time of Galois’s 
death ; the second is a fragment. 

These two papers are the source of our knowledge of 
Galois’s theories relative to the solution of equations. They 
occupy twenty-eight pages. Only eight pages are devoted 
to explain such fundamental ideas as reducibility, domain 
of rationality, adjunction of new irrationalities, substitu- 
tion groups, the resolvent function of n! values and the 
corresponding resolvent, its reduction for a given domain of 
rationality, and the resulting resolvent, the group belonging 
to the equation, and its reduction on adjoining the roots of 
auxiliary equations. The rest are devoted to applications. 
Is it wonderful that Poisson declared his paper unintel- 
ligible and Liouville applied to him Descartes’s dictum, 
‘*Quand il s’agit de questions transcendantes, soyez trans- 
cendentalement clair.’’ 

In closing this notice we wish to express our disappoint- 
ment that in editing these Oeuvres a body of notes and 
comments was not added similar for example to that in the. 
new edition of Abel's works by Sylow and Lie, or in the 
edition of Grassmann’s works, which is appearing now 
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under the care of Engel. We rejoice, to be sure, that we 
can all have the writings of Galois in the original text at a 
low price. In an excellent German translation,* also with- 
out critical notes, they have been accessible to‘any one for 
nearly ten years. It seems to us worth while to tell the 
reader who is becoming interested in Galois’s theories and 
wishes to consult the original papers, the exact sense of 
many obscure passages, to indicate how some of the more 
important gaps may be filled in and to point out some of 
the principal differences between Galois’s exposition of his 
theory and that received to-day. All this is left to the 
reader to do, who, no doubt, if sufficiently versed in Galois’s 
circle of ideas, and possessed of the requisite time and 
patience, will do so. That this will not usually be the case 
seems to us patent. Another point: we read with particu- 
lar interest that part of the introduction, not quite two 
pages in length, which M. Picard devotes to an account of 
Galois’s researches in the theory of abelian integrals. The 
theory of these integrals and that of algebraic equations 
hang so intimately together that Galois, like Abel, was irre- 
sistibly drawn toward these new transcendents. All we 
know of Galois’s researches is contained in his letter to 
Chevalier. To us it seems worth while to take up this 
part of the letter and study it as a historian does a precious 
document or inscription which, injured by the ravages of 
time, is, by patient weighing and comparing, to be recon- 
structed or interpreted. Some of Galois’s statements are 
false, so, for example, the existence of a function with 
one logarithmic discontinuity, or again, the degree of the 
equation for the division of the periods. Others, on the 
contrary, are startlingly accurate and profound, so his con- 
ception of the problem of transformation. While doubtless 
many details in an estimate of Galois’s achievements in 
this field and the power of his methods would be uncertain 
and so give occasion to a difference of opinion, still it seems 
to us a duty we owe to this unfortunate youth that a con- 
scientious and exhaustive attempt be made in this direction. 
The claims of Galois to our admiration for his theory of 
equations and for his imaginaries are admitted by all, but 
let us not forget that his powerful intellect had, long before 
Riemann, penetrated into a still higher region and discov- 
ered some of its rarest gems. 

A final remark. It is a pardonable weakness which 


*“ Abhandlungen iiber die algebraische Auflésung der Gleichungen,” 
von N. H. Abel und E. Galois. Deutsch herausgegeben von H.: Maser, 
Berlin, J. Springer, 1889. The price of this little work is only 4 marks. 
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mathematicians share in common with all mankind to wish 
to know something of the personality and the surroundings 
of the men whose works have influenced the progress of 
civilization. In accordance with this general wish we find 
more and more the collected works of great mathematicians 
accompanied by biographical notices except when they form 
special works accessible to all, as in the case of Abel or 
Hamilton. Who has not read with pleasure the touching 
Lebenslauf of Riemann which Dedekind wrote for the 
Gesammeite Werke, or the biographical sketches attached 
to the Works of Henry Smith and the Lectures and Essays 
of Clifford ? 

For a long time the details of Galois’s life were surrounded 
with mystery. Like a blazing comet his genius appeared 
to the mathematical world only to disappear with equal 
suddenness into the gloom of impenetrable obscurity. The 
introductory remarks of Liouville to his works and possibly 
tlie affecting sketch by his friend Chevalier in the Revue 
Encyclopédique comprised all that most of us knew of him. 
Today, thanks to the patient and loving labors of M. Paul 
Dupuy, the details of his life are quite well known. Ap- 
pearing, however, in the Annales de l’ Ecole Normale Supéri- 
eure, this valuable monograph cannot be purchased sepa- 
rately and so is not readily accessible to all. Would not a 
short sketch containing the principal features of Galois’s 
life have been a valuable addition ? 

We close here our suggestions ; they have been offered 
sclely in the hope that when a new edition becomes neces- 
sary it may be enlarged along the lines here indicated and 
so spread still more widely the appreciation of Galois’s 
genius and the usefulness of his theories. 

Yate UNrversity, JAMES PIERPONT. 
November, 1898. 


THREE MEMOIRS ON GEOMETRY.* 


Thése sur la géométrie non-euclidienne. Par M. L. GERARD, 
Professeur au Lycée Ampére (Lyon). Paris, Gauthier- 
Villars et fils, 1892. 4to, 110 pp. 

Lezioni di Geometria intrinseca. Per Ernesto CesAro, Profes- 
sore ordinario della R. Universita di Napoli. Naples, 
Alvano, 1896. 8vo, 264 pp. 


* The order in which these memoirs appear above is that given in the 
official announcement and presumably determined by lot, since the regu- 
lations of the Lobatschewsky Prize specify that presedence shall be so de- 
termined in case of a tie. 
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L’ hyperespace &@ (n —1) dimensions. Propriétés métriques de la 
corrélation générale. Par G. Fonteneé, Professeur au Col- 
lége Rollin. Paris, Gauthier-Villars et fils, 1892. 8vo, 
133 pp. 

Ar the anniversary meeting of the Physico-Mathematical 
Society of the University of Kasan, held November 3, 1897, 
the first award of the Lobatschewsky Prize was made to Pro- 
fessor Sophus Lie, of the University of Christiania, for the 
third volume of his classic work on the Theory of Trans- 
formation Groups. The three volumes above were accorded 
each an honorable mention. There were nine works placed 
in competition for the prize. The gold medal for distin- 
guished services in assisting the Society in examining the 
works submitted was awarded to Professor Felix Klein, of 
the University of Gottingen, for his report} on the work of 
Professor Lie. The prize is worth five hundred rubles in 
paper money and it is to be given every three years. The 
next award will be made November 3, 1900; memoirs and 
treatises published within six years preceding this date in 
Russian, French, German, English, Italian, or Latin are 
eligible and will be received up to November 3, 1899. 


I. GérArpv’s THEsIs. 


Gérard’s memoir consists of three parts. In the first 
part there is presented a new method for establishing the 
fundamental formule of the non-euclidean geometry ; this 
method originates in the theorem : If we designate by L an 
arbitrary length, there exists a corresponding number / such 
that, in every quadrilateral ABCD which has three right 
angles A, B, C, we have 


a( +0); 

from thi8 we deduce immediately the relation which exists 

between the three sides of a right triangle, and all the other 
fundamental formule. 

The author makes no use of the infinitesimal calculus and 
deals only with figures whose construction is possible. The 
latter condition is Euclid’s inflexible rule; its observance 
is desirable, in that the number of postulates introduced 
without demonstration is thereby reduced to a minimum. 
The possibility of constructions which can be effected with 


tKlein, ‘‘Zur ersten Verteilung des Lobatschewsky-Preises: Gutachten, 
betreffend den dritten Bard der ‘Theorie der Transformationsgruppen von 
8. Lie.’? 
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ruler and dividers rests uniquely on four perfectly definite hy- 
potheses, which Gérard formulates as follows: 1° Through 
two points a straight line can be passed ; 2° A circle can be 
drawn having a given point as center and a given length as 
radius; 3° A straight line which intersects the perimeter of 
a polygon in a point other than one of its vertices intersects 
it again in one or more points; 4° Two straight lines, or 
two circles, or a straight line and a circle, intersect, if there 
are points of one of these two lines situated on both sides of 
the other. 

On the other hand. if we consider with Lobatschewsky and 
Bolyai, figures which we do not know how to construct, for 
example, parallels,* horicycles, horispheres, et cetera, we 
are obliged either to admit the existence of all these figures 
as additional hypotheses, or to demonstrate their possibility 
by invoking the aid of the principle of continuity, which, 
at best, is poorly defined—both as to precision necessai y to 
a basis of reasoning, and as to generality sufficient to in- 
clude all cases ; accordingly, the author proposes to estab- 
lish the relations which exist between the elements of a 
triangle by founding them upon the four hypotheses framed 
above. This direct determination for the single case of the 
relation between the.two sides of a right triangle and one 
of the acute angles was made by Battaglini,+ but his dem- 
onstration is not free from all flaws, as Gérard points out. 

The second part of the memoir introduces the elements of 
non-euclidean analytical geometry by defining the posi- 
tion of a point in the plan by means of three codrdinates, 
X, Y, Z, connected by the relation 


This system of coordinates gives formule quite analogous 
to those of spherical geometry ; in fact, by the notion of ideal 
points we distinguish between points on the front’ and on 
the back of the plane in precisely the same manner as 
between the points diametrically opposite of a sphere ; this 
distinction is necessary to the generality of certain theories, 
for example, the theorem of Menelaus, and the power of a 
point with regard to a circle. 

The author reviews the various constructions of the non- 


* The author does not ignore Bolyai’s construction for parallels, but 
remarks in a footnote that Bolyai indicated the means of effecting the 
construction only after the fundamental formule had been established. 

Battaglini, ‘Sulla geometria immaginaria di Lobatschewsky,’’ Giornale 
di Matematiche (1867) ; this demonstration is reproduced in the Traité 
de géometrie of Rouché and de Comberousse. 
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euclidean geometry which can be made by means of ruler 
and dividers, and demonstrates the impossibility of con- 


structing the length * I, defined above, which Bolyai has 


called the natural unit of length. 

Gérard shows in the third part of the memoir that the 
measure of the areas of polygons can be presented in a 
very simple manner by discarding every postulate and 
considering two polygons as equivalent only in the case 
where they are composed of parts superposable each to 
each; to this end it is necessary to demonstrate: 1° 
That any two polygons A and B are comparable, that is 
we can always either decompose A and B into parts super- 
posable each to each ; or decompose A into two parts, one 
of which will be equivalent to B; or decompose B into two 
parts, one of which will be equivalent to A ; 2° That these 
three cases of relation between the two polygons A and B 
are incompatible. The first of these two theorems is indis- 
pensable from every point of view; as to the second, it 
might be set up as an axiom were it incapable of demon- 
stration, but Gérard finds it is susceptible of a simple 
demonstration both for euclidean and non-euclidean * 
geometry. 


II. CrsAro’s IntrRINsIC GEOMETRY. 


Professor Cesaro publishes in this volume a course of lec- 
tures which he delivered at the University of Naples in 1895. 


Its material is drawn almost exclusively from the writings ¢ 

* The author’s list of works consulted in the preparation of the mem- 
oir exhibits a useful bibliography of non-Euclidean geometry for the 
general reader : 

Lobatschewsky, ‘‘ Etudes géométriques sur Ja théorie des paralléles.’’ 
—Pangeometria, Italian translation, Giorn. di Mat., 1867. 

Bolyai, ‘* Appendix scientiam spatii absolute veram exhibens,’’ Italian 
translation. /bid. 

BRattaglini, ‘‘Sulla geometria immaginaria di Lobatschewsky,’’ Ibid. 

Beltrami, ‘‘Saggio di interpretazione della geometria non-euclidea,’’ 
Ibid., 1868. 

Klein, *‘ Ueber die sogenannte nichteuklidische Geometrie,’’ Math. 
Annalen, 1871. 

Flye Sainte-Marie, ‘‘Etudes analytiques sur la théorie des paralléles.” 

Cassini, Geometria rigorosa. 

De Tilly, ‘‘ Essai sur les principes fondamentaux de la géométrie et de 
la mécanique,’’ Mémoires de Bordeaux, 1880. 
‘ Rouché and de Comberousse, Traité de géométrie, Note 2 of the sixth 
edition. 

t The list of Cesiro’s memoirs bearing directly or indirectly on this, 
one of his favorite fields of research, isan extensive one ; we have space 
only to mention the following which contain some of the more striking 
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of the author and many a familiar figure of differential 
geometry appears here in new form. The work aims to col- 
lect and coordinate the fundamental formule of the intrin- 
sic analysis of geometric forms; to present an elementary 
and temperate exposition of the more simple applications of 
the method with the purpose of bringing into light the power 
of this method and of maintaining its superiority over all 
the other processes by which the infinitesimal analysis is 
used to study the geometric facts of space ; to exhibit the 
method as a uniform and expressive unifying principle 
whereby the developments of infinitesimal geometry are ef- 
fected with elegance and agility ; finally to awaken in the 
reader a zeal for researches similar to those which have been 
of such lively interest to the writer. 

In all but the second of these objects the author has 
achieved unqualified success ; the exposition is marked by 
the author’s characteristic clearness and vigor, and by a 
masterful moderation in the presentation of his material 
made possible only by a complete mastery of the subject ; 
but in the face of Darboux’s development of the powerful 
kinematical method in differential geometry and of Ricci’s* 
recently proposed absolute differential calculus in the theory 
of surfaces, there may be those to question the claims of any 
one method to superiority over all others in the field. 

The book consists of seventeen chapters supplemented by 
three notes. I. The intrinsic discussion of a plane curve— 
tangent, normal, curvature, intrinsic equation, flexional 
points, cusps, asymptotes, asymptotic points, and circles, in 
a word the study by this method of the geometry of a 
plane curve at a point, copiously illustrated by examples. 
II. The fundamental formule for the intrinsic analysis of 
plane curves—Cesaro so designates the expressions 

ds ds p tN 
where the axes are respectively the tangent and normal to 
the curve at a point M, (z,y) the codrdinates of a point P 


applications of the method of intrinsic analysis: ‘‘ Sulla geometria intrin- 
seca degli spazii curvi,’’ Atti della R. Accademia di Napoli, 1894; ‘‘Sulla 
geometria intrinseca delle congruenze,’’ Rendiconti della R. Accademia di 
Napoli, 1894 ; ‘‘ Teoria intrinseca delle deformazione infinitesime,”’ Ibid.; 
**Sulla trattazione intrinseca delle questioni baricentri,” Rivista di 
Matematica, vol. 1; ‘‘Formole fondamentali per l’analisi intrinseca 
delle curve,’’ Rendiconti dei Lincei, 4th series, vol. 1; ‘‘I numeri di 
Grassmann in geometria intrinseca,’’ Jbid., 5th series, vol.3. The author 
has omitted #]l reference to his own memoirs in the volume. 

* Ricci, Sulla teoria delle superficie, Padova, Fratelli Drucker, 1898. 
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movable with M, (x + dz, y + dy) the coordinates of P’, the 
new position of P when M advances to the point M’ on the 
curve, referred to the axesthrough M. These fundamental 
formulz are used by the author to determine geometrical 
loci, the equations and properties of envelopes, parallel 
curves, evolutes and involutes ; there is a large list of use- 
ful examples scattered through the text of this chapter. 
III. Important plane curves—here the method developed 
in the preceding chapter is applied to conics, determining 
asymptotes, centers, diameters, vertices, axes, foci, and 
curvature ; the derivation of the intrinsic equation of a 
conic reveals incidentally Maclaurin’s celebrated construc- 
tion for the center of curvature of the envelope of a conic ; 
Cassini’s ovals, the curves of Ribaucour, and sinusoidal 
spirals receive similar treatment. IV. The theory of con- 
tact and osculation is presented in this chapter: V. The 
theory of roulettes is susceptible of an elegant exposition by 
Cesaro’s method ; it is amply illustrated in the fifth chapter. 
VI. The sixth chapier presents the theory of the bary- 
center of plane curves. VII. The notion of centroid which 
was elaborated in the preceding chapter has served as the 
basis of a useful method of geometrical analysis which can- 
not be completely expounded witheut entering the field of 
the pure intrinsic geometry ; the seventh chapter develops 
the method of barycentric analysis and applies it to conics, 
to the triangular symmetric curves of La Gournerie, and to 
the anharmonic curves of Halphen. VIII. In this chap- 
ter devoted to systems of plane curves, the author intro- 
duces the notions, curvilinear coordinates and differential 
parameters, determines the relations of Lamé, derives 
the formula of Bonnet, and applies the method to the 
problems of trajectories, orthogonal systems and isother- 
mal systems in the plane. IX. The theory of space curves 
and ruled surfaces is subjected to this method in the ninth 
chapter ; this theory naturally lends itself readily to the 
treatment. -X. Remarkable space curves are studied in the 
tenth chapter ; among these are the spherical curves, the 
cylindrical helix, the geodesics of a conical surface, space 
circles, the curves of Bertrand, et cetera. XI. The general 
theory of surfaces in all its classic details is capable of a 
precise presentation by the method of the intrinsic ge- 
ometry ; the theorems of Meusnier, Bonnet, Euler, Dupin, 
Laguerre and Darboux, are demonstrated by Cesaro with 
great facility in the eleventh chapter. XII. The study 
undertaken in the preceding chapter is continued in this 
one which bears the caption exercises on surfaces; this 


306 THREE MEMOIRS ON GEOMETRY. [March, 


most interesting collection of examples constitutes one of 
the most valuable chapters of the book. Besides a number 
of classic special problems the author studies in general sur- 
faces of revolution, surfaces of constant total curvature, 
surfaces of constant mean curvature, quadrics and Wein- 
garten’s surfaces; the figures illustrating this chapter 
are especially instructive. XIII. The thirteenth chap- 
ter attacks the problem of the infinitesimal deformation 
of surfaces. XIV. The principal theorems relative to 
congruences are deduced here. XV. The fifteenth chap- 
ter studies properties of spaces of three dimensions. 
XVI. The method of the intrinsic analysis is extended in 
this chapter to the investigation of curves in hyperspace. 
XVII. This the last chapter of the book applies the method 
to determine the ordinary properties of hyperspace. The 
three supplementary notes are on the use of Grassmann’s 
numbers, on the equilibrium of an inextensible flexible 
string, and on the equation of elasticity in hyperspace ; they 
furnish three important applications of Cesdiro’s method to 
Grassmann’s analysis and to mechanics, which could not 
be included in the text. 

It is to be regretted that the scope of this review forbids 
a detailed analysis of the method and material of the chap- 
ters; such a digest, were it attempted, would be unsatis- 
factory. The book must be read to be appreciated, and a 
very readable book it is; the reader will lay the volume 
down with a desire to become better acquainted with the 
other works of this Italian mathematician, whose treatises 
have been succeeding each other with wonderful regularity 
during the last few years: the well known Corso di analisi 
algebrica, in 1894; the Teoria matematica della elasticita, 
in 1894; the Lezioni di geometria intrinseca, in 1896; the 
Elementi di calecolo infinitesimale* in 1899; a Manuale di 
aritmetica assintotica is in the press, and a volume on the 
Teoria matematica delle probabilita is in preparation. 


III. Memorr. 


There are few better illustrations of the breadth of geom- 
etry and the specialization of it within itself than the diver- 
sity of subjects and methods exhibited by these three 
memoirs. Fontené’s memoir eludes any detailed digest, 
because of its elaborate nomenclature and the complicated 


*A review of this treatise, supplemented by a short account of its 
predecessor and companion volume on algebraic analysis, is in preparation 
for the BULLETIN. 
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typographical character of its symbolism ; however, the diffi- 
culties of the latter have been admirably met by the pub- 
lishers, Gauthier-Villars et Fils. The nine chapters are as 
follows: I. The polytrope of reference. II. The J of a 
point and of a trope, ete. The 7 of two points; the I’ of 
two tropes. III. Point functions and tangential functions. 
IV. The elements J/‘ ; moments and comoments. V. Pseudo- 
distance, etc. VI. Intersections, etc. VII. Equation of 
the 4’ principals. VIII. Geometry about an element M, in 
an element M*. IX. Correlation; reciprocal polarity. 
Magnitude of figures. 

The memoir is a didactic work ; the reader is supposed 
to be in possession of no preliminary notions relative to 
hyperspace and the algebraic entities which form the ele- 
ments of the study are concisely defined. All descriptive 
properties are ignored and the investigation is concerned 
with metric properties alone. It is interesting to remark 
in passing that the author has succeeded in extending 
rigorously to hyperspace the notion of positive sense of 
progression on a right line and that of positive rotation in 
& plane. 

In real space, it is well known that in the euclidean 
geometry, metric properties of figures are related to the cir- 
cle at infinity ; in non-euclidean geometry, the circle at 
infinity is replaced by a sphere at infinity ; this sphere at 
infinity is the quadric directrix of a correspondence by re- 
ciprocal polars which the author calls the metric corre- 
spondence. In place of a métric correspondence by recipro- 
cal polars we can state a general metric correlation ; in this 
case equal figures no longer exist and the displacement of a 
figure with conservation of its metric elements is no longer 
possible ; but since it is a question of hyperspace, we can 
accept the notion of a space thus constituted, and proceed 
to examine its metric properties. The results of the author 
may be interpreted as giving the essential and fundamental 
facts relative to the latter problem ; in particular his no- 
tions parameter of a ray, and parameter of an axis, charac- 
terize a space possessing a general metric correlation. But, 
on the other hand, whatever be the nature of a space, 
whether it be possessed of a general metric correlation o1 
only of a metric correspondence by reciprocal polars, we 
can study in this space the metric properties of a general 
correlation, and these properties are independent of the na- 
ture of the space considered ; they are, moreover, identical 
with those of a general metric correlation, and in a space 
where this correlation was supposed to exist it would re- 
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sult from the notion of homography. But this notion is of 
no avail when it is a question of a space possessed only of 
a metric correspondence by reciprocal polars; this is the 
case for real space supposed non-euclidean, and it is- for 
this reason, Fontené avers, that the metric properties of a 
general correlation in real space have not been studied. 
The author studies them in hyperspace; his theory is 
readily applicable to real space by introducing the notions 
parameter of a ray aud parameter of anaxis. This second 
interpretation of the theory of the memoir is indicated in 
the last chapter of the work. 
Epcar Lovett. 
PRINCETON, NEW JERSEY. 


STAHL’S ABELIAN FUNCTIONS. 


T heorie der Abel’ schen Functionen. Von Dr. HERMANN Staut, 
Professor of Mathematics in the University of Tubingen. 
Leipzig, Teubner, 1896. 8vo, 354 pp. 

Durtnc the last few years the literature on abelian func- 
tions has been enriched by three important treatises. The 
extent and scope is different in each case, so that no one of 
them will supplant another. 

In the work under review, the author presupposes a ready 
knowledge of elliptic, and some familiarity with hyper- 
elliptic functions ; and an extensive knowledge of higher 
plane curves. His aim is to construct a serviceable bridge 
from the older to the newer parts of the theory, thus filling 
up a decided gap between the older books and the later 
memoirs. 

The book is divided into two parts of about equal extent ; 
the first deals with the algebraic function and its integral, 
while the second is concerned with inversion. Each part 
is then divided into four chapters. The author introduces 
his subject by giving a brief summary of the problems in 
elliptic functions, and shows how each has a natural gen- 
eralization. 

The first chapter is devoted to the treatment of the n 
branches of the algebraic function F(z, y) = 0, and a de- 
scription of the associated Riemann’s surface. The func- 
tional element is derived in the vicinity of various kinds of 
points, under the same restriction as was made by Clebsch 
and Gordan as to the nature of the branch points. Through- 
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out the chapter the matter is presented in a neat, forcible 
and connected way, but so brief and concise that to one un- 
familiar with the treatment it would be too difficult reading. 
The only problem that is treated at length is the transfor- 
mation of the surface into the normal form (Clebsch-Liroth 
theorem). The procedure is essentially the same as that 
given by Riemann, whose treatment the author follows 
(nearly) throughout. This is a valuable epitome after one 
has read the corresponding chapter in more elementary 
works. 

The second. chapter is devoted to rational functions of 
zand y. The proofs are purely algebraic; but in language 
the functions represent curves, the zero points being de- 
fined as points of intersection with the fundamental curve 
F(z, y) = 0. The fundamental curve is supposed to have 
no higher singularities than double points with distinct 
tangents. Then follow the criteria which a rational function 
must satisfy to be an integral function, some of them being 
given without proof, but in such cases a reference is usually 
given toa memoir containing the proof. The rest of this 
chapter widely departs from Riemann’s treatment, follow- 
ing that given by Brill and Noether in volume 7 of the 
Mathematische Annalen. 

The adjoint functions g(x, y) are defined as curves which 
pass once through all of the double points of F(x, y), and 
the two cases are considered separately, according as the 
order of ¢ is greater or equal ton—3. The treatment of 
the set of points of intersection and the series of coresidual 
curves is rather obscure; especially as the reader is not 
given any hint of their use until later. 

After proving the Riemann-Roch theorem algebraically, 
the author proceeds with the construction of a rational 
function when its poles and residues are given. The treat- 
ment here is admirable ; the problem is clearly stated at the 
outset, and comparisons drawn from the similar problem 
with one variable. Finally, the determination of the p re- 
lations among the coordinates of the poles and the residues 
is also obtained algebraically. incidentally giving the p in- 
dependent integrands of the first species. This seems de- 
cidedly clearer than Riemann’s method of obtaining this 
result from integrals of the second kind. 

The third chapter is devoted to the abelian integrals. 
The moduli of periodicity are introduced so briefly and in 
such an abstract manner as to convey little meaning to a 
beginner. An illustrative example would greatly assist in 
fixing the idea in the reader’s mind. 
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The classification of the integrals, their normal forms, 
the residue theorem, the relation between the moduli of 
periodicity and the coordinates of the singular point and 
the interchange of argument and parameter are made very 
easy by means of the matter in the previous chapter. The 
integrals of the second kind are derived by differentiating 
the normal integral of the third kind, at its singular point. 
The reference to Riemann is here misleading, because in his 
treatment the process is reversed. 

The chapter closes with a proof of Abel’s theoren: ; here 
the particular cases are stated more explicitly and in greater 
detail than those of any other part. 

The last chapter (IV) in the first part treats of birational 
transformation ; it commences by stating what constants 
and functions remain invariant by such transformation. 
The matter is arranged more didactically, and it is quite easy 
to follow the argument. Riemann’s proof for the invari- 
ance of p is outlined, then a fullér proof is given, more 
closely following the method of Clebsch and Gordan. 
Three associated (adjoint) ¢ functions are used as trans- 
forming functions; the number of moduli is derived from 
the Jacobian of the three g curves. The quotient of two 
associated functions is shown to be invariant, and by means 
of this, a normal invariant form of the fundamental equa- 
tion F(z, y) =0is found. Finally, a brief outline of an ex- 
tension is given when the defining curve is a curve in space 
of p dimensions ; the differentials are expressed in homo- 
geneous coord: aates. 

The second part, the inversion problem, is prefaced by a 
short review of the + function of one variable, and a sug- 
gestion that each problem can be generalized. 

The subject begins with the definition of the + functions 
of p variables and their zero points ; they are introduced 
independently of preceding matter by means of their defin- 
ing functional equation. By a transformation of variables 
their pseudo-periods are brought to the form suggested in 
the previous chapters, then the p normal integrals of the 
first kind are introduced as arguments. This seems to me 
to be the clearest introduction extant of the form and defi- 
nition of the general 4+ function. 

Theta functions of the first order and having an integral 
characteristic are then discussed in greater detail, the pro- 
cedure is outlined for the general case and that of the half- 
integer characteristic is quite fully treated. Several the- 
orems for the general case are given without proof. 

The number and the position of the zero points are next de- 


| 


1899. ] STAHL’S ABELIAN FUNCTIONS. 311 


termined by means of Cauchy’s theorem, applied to the dis- 
sected Riemann’s surface. 

Finally, several special cases are derived in which the 
* function is identically zero, and the uniform solvability of 
the inversion problem is discussed. Many of the proofs of 
propositions hitherto generally known are given in a neat 
connected form that is quite new. The success of the 
author’s undertaking is here particularly manifest. 

The sixth chapter treats of the solution of the inversion 
problem, beginning with the zero points of the # function 
whose arguments are integrals in the canonical form ; the 
radical functions ¢'(x, y) are next introduced. The curve 
«= 0 is an adjoint curve of degree n —2, which passes 
through the n — 2 points of intersection of F(x, ¥) = 0 and 
one of its tangents, and also touches Fin p points. These 
curves are called contact curves. 

The next few sections give relations between the square 
of the ratio of two + functions and the ratio of two func- 
tions «’. The argument is confined to * functions with 
half-integer characteristics ; two sets of theorems are usually 
given, to apply when the characteristic is even or odd. In 
the latter case, the function ¢ is replaced by (ax) ¢, (ax)= 0 
being the equation of the tangent to F'at cz. The language 
is usually geometric, but the proofs are uniformly algebraic. 

A paragraph is devoted to the determination of ¢', and its 
relation to the characteristic », which is very plain. An 
exainple for p= 3 follows. The chapter closes with a dis- 
cussion of the relation between 4# and the normal integrals 
of the first kind. A number of unsolved problems are here 
stated, with references to all the literature bearing upon 
them. This and the succeeding chapters show the influence 
of Stahl’s own researches, even where frequent references 
are given to Riemann. 

The seventh chapter deals with the representation of 
algebraic functions by means of # functions. The general 
function having as many zeros‘as poles, which is continuous 
on the dissected surface, and assumes a constant factor 
when it crosses a cross cut, can be represented by # func- 
tions and an exponential factor. When the constant factor 
is unity the function becomes rational. Conversely, every 
rational function can be represented by # functions. When 
the arguments » of the + function are defined by 


q 


3 (h=1,2--p) 
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(q independent of p), a rational function can not in general 
be represented by # functions, but the mth power can, 
wherein m is the least common denominator of the elements 
of the characteristic. A rational function R, of order ¢ is 
shown to be expressed by the relation 


_ E(z, a,) 


where E is the prime function of Schottky. The abelian 
functions are shown to have an addition theorem. Finally, 
algebraic functions are expressed by means of * functions 
and derivatives of the normal integrals of the second and 
third kind. The addition theorem for these integrals is 
derived in explicit form. This is the only use made of them 
in the second part of the book. 

The last chapter (VIII) discusses the linear transforma- 
tion of the # functions. The first problem is to consider 
the effect of a linear transformation of the moduli of periodi- 
city of the integrals on the form of the crosscuts on the as- 
sociated surface. Every canonical transformation (i. e., 
with determinant unity) is equivalent to passing from one 
system of cross-cuts to another, and conversely. 

Several figures are shown to illustrate the effect of specific 
elementary transformations. 

The effect of the transformation on the period character- 
istics is next obtained ; then follows the linear tranforma- 
tion of the thetafunctions and its effect on the theta 
characteristic. In the last discussion the two kinds of 
characteristics are compared and contrasted. 

Many of the older theorems have more rigorous proofs 
than previous works contained ; a large number of references 
makes comparison and future reading quite accessible. 

Mechanically, the book contains one rather unusual fea- 
ture, that of ‘‘ hanging indentations ’’ of a theorem or discus- 
sion, which greatly assists in showing the connection. The 
book is unfortunately not provided with an index. 

VirGit SNYDER. 

CoRNELL UNIVERSITY, 


December, 1898. 
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CALCULUS OF FINITE DIFFERENCES. 


Differenzenrechnung. Von A. A. Marxorr, O. Professor an 
der kaiserlichen Universitat zu St. Petersburg. Autoris- 
ierte deutsche Uebersetzung von THEOPHIL FRIESENDORFF 


und Ericu Prums. Mit einem Vorworte von R. MEHMKE, 
O. Professor an der k. technischen Hochschule zu Stutt- 
gart. Leipzig, B. G. Teubner, 1896. 8vo, iv + 194 pp. 


THE number of books devoted exclusively to the calcu” 
lus of finite differences has been comparatively few since 
its introduction as a branch of mathematics by Brook Tay- 
lor in his Methodus Incrementorum in 1715 and the publi- 
cation of the first systematic treatise thereon by Francois 
Nicole in 1717. Perhaps one reason for this is the fact that 
the principles and theorems of the subject which are most 
frequently required in practical work are simple and can be 
proved when occasion for their use arises as, for instance, 
in interpolation and in the summation of series. The only 
works in English on finite differences now obtainable are 
Herschel’s appendix to the translation of Lacroix’s Differ- 
ential and Integral Caleulus published in 1816, which was 
followed by Herschel’s Collection of Examples in 1829 ; the 
Calculus of Finite Differences incorporated in his volume 
on Differential Equations by John Hymers in 1839 which 
reached a second edition in 1858; the articles on finite 
differences in De Morgan’s great work on the differential 
and integral calculus which appeared in 1842 ; and Boole’s 
treatise which was published in 1860 and was intended as a 
sequel to his Differential Equations. A second edition of 
Boole’s Calculus of Finite Differences, revised by J. F. 
Moulton, appeared in 1872. The latest works with which 
Professor Markoff’s volume may be compared are Boole’s 
treatise and Schlomilch’s Theorie der Differenzen und Sum- 
men which was published in 1848. 

Professor Markoff’s work is characterized by a higher de- 
gree of generality in the theorems and greater thoroughness 
and rigor in the reasoning than is found in the writings of 
his predecessors. At the same time, his treatment is some- 
what dry and severe, is rather too condensed at times, and 
is far from being as genial, interesting, and philosophical as 
that of Boole. The treatises of the two authors may be re- 
garded ascomplementary. An important difference between 
their works is that Professor Markoff scarcely uses symbolic 
formulz and eschews the symbolic method which was cre- 
ated by Lagrange and Laplace, and developed and employed 
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with such signal suecess by Boole. Generating functions 
are not used in the work before us. The author nowhere 
refers to any analogies between the methods and results of 
the calculus of finite differences and the infinitesimal 
ealeulus. While some English mathematicians regard the 
latter as a branch of the former, many on the continent, 
perhaps more logically, consider that between the two cal- 
culi there isa great gulf fixed. With the exception of a 
few problems solved in the text, Professor Markoff’s volume 
has the defect, usual in continental works, of not possess- 
ing exercises by which the student may test and strengthen 
his understanding ¢0f the subject. Throughout the book, 
h and not unity is taken asthe difference between successive 
values of the variable. 

The work consists of two equal parts, viz.:.Part I, on 
Interpolation, and Part IT. on Summation and difference 
equations. In Chapter I the general problem of interpo- 
lation is discussed, and Taylor's and Lagrange’s formule 
are deduced. Limits to the errors made in using these 
formule are determined. The careful attention paid 
throughout the work to the limits of the errors in the for- 
mule employed is a feature in which this book is superior 
to others on the subject. In the search for an interpolation 
formula in which an additional term can be found without 
changing the preceding terms, Newton’s formula for inter- 
polation by equidistant intervals is obtained. In Chapter 
II finite differences are introduced for the purpose of cal- 
culating the coefficients in the Newtonian formula of inter- 
polation. In Chapter III the expressions for differences 
in terms of differential coefficients, and for the latter in 
terms of the former, are derived. The treatment is rigor- 
ous but occasionally too brief for clearness. For example, 
the calculation of the table for the series of numbers 4”0* 
up to m = xn = 10—this notation is not employed—requires 
more explanation than is given in the text. Chapter IV, 
on the construction and use of mathematical tables, supplies 
in part the lack of exercises in the preceding chapters. A 
commendable feature is the exact numerical calculation of 
the limits of error in connection with each example. 
Another important use of finite differences, namely, the 
application of interpolation to the approximate evaluation 
of definite integrals is shown in Chapter V. Among the 
interesting results obtained which may be new to some 
readers are the following: that a limit of the error in- 


d 
volved in evaluating the integral f f(«)dz by the trape- 
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zoidal rule is 


in which s is the number of parts into which the interval 
d—c is divided, and 7 lies between c and d ; and that the 
limit of error in evaluating the same integral by Simpson’s 
d—e ) 

2 903* 


parabolic ruleis — ( 


in which s and 7 have the same signification as before. The 
Gaussian method of evaluating integrals is discussed in the 
latter part of the chapter. Chapter VI treats of Legendrean 
dz 

fraction. The modern character of the work is well evi- 
denced in Chapter VII, which is devoted to generalizations 
of some of the preceding theorems and formule. 

Part II begins with Chapter VIII, on summation in its 
connection with the problem of the determination of a func- 
tion from its difference of first order. Several series are 
summed. It is unfortunate that there is not something 
more on factorials, which here play an important part. 
Chapters IX and X discuss the Euler or Maclaurin sum 
formula, 


as a continued 


da 
functions and develops the integral 3 


=} [fede — 4 


and its applications. These chapters are exceedingly good. 
The treatment is better than can be found anywhere else 
and is all that can be demanded for the formula which Pro- 
fessor Sylvester considered the most important in the sub- 
ject of finite differences. Bernoulli’s numbers and Stirl- 
ing’s formula for log 1.2.3 --- (x — 1).z are introduced in the 
course of the discussion. Chapters XI, XII, XIII are 
concerned with difference equations. On this topic there are 
marked differences in arrangement and treatment between 
Markoff and Boole. Difference equations of first order 
(Chapter XII) are not treated in as full and interesting a 
manner as in Boole ; but the exposition on the general prop- 
erties of difference equations (Chapter XI) and on linear dif- 
ference equations with constant coefficients (Chapter XIII) 
is more satisfactory than that of the English author. Chap- 
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ter XIV deals with the transformation of series. Applica- 
tions are made to the evaluation of definite integrals and to 
the numerical calculation of slowly converging series by 
means of their transformation into series which are more 
rapidly convergent. 

There are many references to the literature of the sub- 
ject. No one interested in the calculus of finite differences 
ean afford to be without Professor Markoff’s valuable 
treatise. 

D. A. Murray. 
CORNELL UNIVERSITW. 


NOTES. 


Art the meeting of the London Mathematical Society, held 
January 12th, the following papers were communicated : 
Linear transformation by inversion, by Dr. G. G. Mor- 
RICE; The zeros of the Bessel functions (second paper), by 
Mr. H. M. Macpona.p ; A simple method of factorizing large 
composite numbers of any unknown form, by Mr. D. Biv- 
DLE; On a determinant each of whose elements is the pro- 
duct of k factors, by Professor W. H. Merzier ; Properties 
of hyperspace, in relation to systems of forces, the kine- 
matics of rigid bodies, and Clifford’s parallels, by Mr. A. N. 
WuitTEHEAD ; On the reduction of a linear substitution to 
its canonical form, by Professor W. S. BurnsIDE. 


THE anniversary meeting of the Royal Astronomical So- 
ciety was held February 10th. The retiring president, Pro- 
fessor R. S. Bat, delivered the address on presentation 
of the gold medal which had been awarded to Mr. F. Mc- 
Crean. The president for the coming year is Professor 
G. H. Darwtny, and the honorary secretaries are Messrs. 
F. W. Dyson and F. NEwatt. 


THE committee of organization of the international con- 
gress of mathematicians to be held in Paris from August 
6th to 12th, 1900, has issued a preliminary circular request- 
ing every one interested to notify the committee, whose 
headquarters are at 7 rue des Grands-Augustins, Paris, as 
to the probability of his attending or that of his not attend- 
ing the congress. It is further requested that this intelli- 
gence be sent at once and that it specify the number of 
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members of one’s family who may accompany him. The 
programme of the congress will include at least two general 
sessions, daily sectional meetings in the morning, scientific 
excursions, and a concluding banquet. ‘Tickets of admis- 
sion to the congress will cost thirty francs. The ticket en- 
titles the hulder to admission to all the meetings, to partici- 
pation in the excursions and banquet, to reduced rates of 
admission for members of his own family, and to a copy of 
the published proceedings of the congress. The committee 
of organization cannot undertake to look after the material 
welfare of those in attendance at the congress, but proposes 
to issue later a circular of information relative to hotel ac- 
commodations and reduced rates of transportation that may 
be available on the occasion of the universal exposition. 


Tue Officers of the international association for promot- 
ing the study of quaternions and allied systems of mathe- 
matics for the years 1899 and 1900 are as follows: Professor 
R. S. Batt, Cambridge, England, president ; Dr. A. Mac- 
FARLANE, South Bethlehem, Pennsylvania, general secretary 
and treasurer ; Professor A. McAutay, Hobart, Australia, 
secretary for Australasia ;. Professor Paut Genty, Paris, 
secretary for France; Professor V. ScHLEGEL, Hagen in 
Westphalia, secretary for Germany ; Professor CHartres J. 
Joy, Dublin, secretary for Great Britain and Ireland: 
Professor G. PEaNo, Turin, secretary for Italy: Dr. 5S. 
Tokio; secretary for Japan; Mr. A. P. 
KOF, Kasan, secretary for Russia; Dr. F. Krart, Zirich, 
secretary for Switzerland; Professor A. S. Hatnaway, 
Terre Haute, Indiana, secretary for the United States. 


THE Annals of Mathematics, published for the past fifteen 
years ‘at the University of Virginia, is to be transferred to 
Harvard University with the close of the present volume. 
The policy and editorial supervision of the journal under 
its new management have not yet been announced. 


THE new international review, L’ Enseignement Mathéma- 
tique, projected recently under the editorial direction of 
Professors C. A. Laisant and H. Feur, will be edited with 
the codperation of a committee of patronage consisting of 
Professors P. Appell, of Paris; N. Bougaiev, of Moscow ; 
M. Cantor, of Heidelberg; LL. Cremona, of Rome; E. 
Czuber, of Vienna; Z. G. de Galdeano, of Saragossa; A. 
G. Greenhill, of Woolwich; F. Klein, of Gottingen; V. 
Liguine, of Warsaw ; P. Mansion, of Gand; Mittag-Leffler, 
of Stockholm ; G. Oltramare, of Geneva; J. Petersen, of 
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Copenhagen; E. Picard, H. Poincaré, of Paris; P. H. 
Schoute, of Groningen; C. Stephanos, of Athens; F. G. 
Teixeira, of Oporto; A. Vassilieff, of Kasan; A. Ziwet, of 
Ann Arbor. 


The mathematical seminars of the universities of Gottin- 
gen and Tiibingen have issued programmes of study, with 
special reference to directing students in making the best use 
of the lectures, library, and laboratory favilities available for 
the prosecution of the mathematical sciences in these insti- 
tutions. These programmes will prove especially valuable 
to foreign students contemplating a course of study in a 
German university. 


TuE collection of twelve kinematical models whose con- 
struction was undertaken by Professor Fr. ScuiLiine, of 
Karlsruhe, under the encouragement accorded by the Ger- 
man Mathematical Association at its Frankfort meeting in 
1896, has recently been finished. Duplicates of this collec- 
tion are offered for sale, atthe price of four hundred and 
sixty-eight marks for the complete set, by Messrs. Schroedel 
and Simon, of Halle, who will take pleasure in sending 
photographs of the models on request from intending pur- 
chasers. 


Two recent catalogues of mathematical works, new and 
second hand, have been received from Leipzig: Catalogue 
number 539 of K. F. Koehler’s antiquarium, and catalogue 
number 1018 of Kirchhoff and Wigand. The former of these 
is constructed largely from the libraries of the late Pro- 
fessors E. ScHEerinG, of Gottingen, and J. A. Becker, of 
Zwickau. 


Messrs. Henry Holt and Company announce for im- 
mediate publication an Elementary Algebra by GeorcE W. 
Evans, of the English High School, Boston. At each turn 
of the subject the departure is made from problems and the 
book contains an unusually large collection of new exer- 
cises. 


Tue Elements of Practical Astronomy by W. W. Camp- 
BELL, Astronomer at the Lick Observatory, will be published 
shortly by The Macmillan Company in a second, revised 
and enlarged, edition. 


Messrs. Mayer and Miller, of Berlin, announce that the 
printing of the fourth volume of the collected works of 
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Kart WErerstrRAss will be finished during the present year. 
This volume is to contain the lectures on the theory of abel- 
ain transcendents. 


A COMPLETE biography of the Polish philosopher, H. 
WronskI, is in preparation by Mr. PrzEsMyckI. 


CoLLEGE DE France. The programme of lectures for the 
first semester of 1898-99 .includes the following courses in 
the mathematical sciences, each course consisting of two 
lectures per week throughout the semester :—By Professor 
Hapasfarp, Mechanics of fluids.—By Professor Jorpax. 
Elliptic functions.—By Professor Drprez, Electficity and 
magnetism, and the measurement of electrical magnitudes. 
—By Professor Brititourin, General properties of fluids. 


University OF HEIDELBERG. The following courses in 
mathematics are announced for the summer semester of 
1899 :—By Professor KoEenxicsBerGeR: Differential and in- 
tegral calculus, four hours; Theory of functions, four hours ; 
Mathematical seminar, two hours.—By Professor VALEnN- 
TINER: General astronomy, three hours ; Theory of eclip- 
ses, two hours.—By Professor Caxtor: Definite integrals 
between real limits, four hours; Arithmetic and algebra, 
three hours.—By Professor F. EisExtonr: Theory of prob- 
ability, three hours ; Mechanics, four hours.—By Professor 
Koeuter: Plane analytical geometry, three hours.—By 
Professor LANDsBERG : Theory of determinants, two hours ; 
Theory of potential, two hours. 


University oF Municu. The courses in mathematics 
offered for the summer semester of 1899 are as follows :— 
By Professor Baver: Algebra, second part ; Mathematical 
seminar in subjects of algebra.—By Professor LINDEMANN : 
Theory of elliptic functions; Theory of algebraic forms; 
Seminar.—By Professor SEELIGER : Theory of the form of the 
heavenly bodies.—By Professor PrixcsHem : Integral cal- 
culus; Exercises in integral caleulus.—By Professor GRAETZ: 
Mechanical theory of heat; Higher mechanics.—By Dr. 
Brunn: Elements of higher mathematics for general stu- 
dents.—By Dr. DoHLEMANN : Descriptive geometry ; Exer- 
cises on the preceding course ; Kinematics; Exercises in 
kinematics.—By Dr. Anpine: Theory of absolute pertur- 
bations ; Elements of astronomy.—By Dr. v. WEBER: De- 
terminants with applications ; Elementary geometry.—By 
Dr. Korn: Analytical mechanics ; Theory of capillarity. 
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University oF TUsincen. The announcements of lec- 
tures for the summer semester of 1899 include the follow- 
ing courses in mathematical subjects :—By Professor STaut : 
Elementary analysis, three hours; Higher analysis, three 
hours ; Mathematical seminar, two hours.—By Professor 
v. Brit_: Solid analytical geometry, three hours ; Theory 
of curvature of surfaces, four hours ; Seminar, two hours. 
—By Professor Maurer: Descriptive geometry, two hours: 
Exercises accompanying this course, two hours ; Synthetic 
geometry, two hours ; Exercises in synthetic geometry, one 
hour.—By Professor Watrz: Theory of electricity and 
magnetism, three hours; Exercises in the theory of elec- 
tricity, two hours. 


University ofr Wurzsurc. The following mathematical 
courses are offered for the summer semester of 1899 :—Pro- 
fessor Prym: Integral calculus, six hours ; Seminar in in- 
tegral calculus, two hours ; Seminar in theory of functions, 
two hours.—By Professor Voss: Analytic mechanics, 
three hours; Analytic and synthetic geometry of conics, 
four hours; Introduction to the theory of plane curves, 
three hours. —By Professor SELLinG : Spherical astronomy, 
two hours.—By Dr. Wrey: Electrostatics and electro- 
dynamics, two hours. 


Avcustus E. H. Love, F.R.S., has been appointed to the 
vacant Sedleian professorship at Oxford. Mr. Love, of St. 
John’s College, Cambridge, was second wrangler in 1885, 
and obtained the first Smith’s prize in 1886. He has written 
many memoirs, chiefly on applied mathematics, and is the 
author of well known treatises on elasticity and dynamics. 


Proressor H. PorncarE has been nominated president of 
the French Bureau des Longitudes. 


Tue title of Professor R. S. Woopwarp of Columbia Uni- 
versity has been changed from professor of mechanics to 
professor of mechanics and mathematical physics. 


Dr. Tuomas J. J. See has been nominated for a profes- 
sorship of mathematics in the United States Navy. 


Proressor A. ScHOENFLIES, of the University of Gottin- 
gen, has been called to a professorship in mathematics in 
the University of Konigsberg. 


1899. } NEW PUBLICATIONS. 321 


Mr. R. C. Mactaurin, Fellow of St. John’s College, Cam- 
bridge, has been made professor of mathematics in Victoria 
College, New Zealand. 


Proressor Sopuus Liz, of the University of Christiania, 
died on February 18. 
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I. HIGHER MATHEMATICS. 
AuastA (A.). Sulle involuzioni di ordini superiori. Civitanova, 


Marche, 1898. 8vo. 38 pp. Fr. 2.00 
ALASIA (C.). Esercizi ed applicazioni di calcolo infinitesimale ed inte- 
grale. Citta di Castello, Lapi, 1898. 8vo. 232 pp. Fr. 5.00 


ALLAN (C.).. Formulario di matematica e fisica. Parte I (arithmetica, 
algebra, geometria piana, geometria solida, trigonometria piana, 
trigonometria sferica, geometria analitica a due e a tre dimensioni, 
calcolo differenziale, calcolo integrale, applicazioni del calcolo differ- 
enziale e integrale). Pavia, Fusi, 1898. 8vo. 17 and 207 pp. 

Fr. 3.00 

ANNALEN, MATHEMATISCHE. Generalregister zu den Banden 1-50, 
zusammengestellt von A. Sommerfeld. Leipzig, Teubner, 1898. 
8vo. 11 and 202 pp., with portrait of Clebsch. M. 7.00 

BIDDLE (D.). See QUESTIONS AND SOLUTIONS. 

BresE (A. C.). Geometrische Untersuchung tiber die Wurzeln einer 
Gleichung von der form f(z) —ar-+b. Berlin, 1898. 8vo. M.200 

Caucuy (A.). Oeuvres completes d’Augustin Cauchy. Publiées sous 
la direction scientifique de l’Académie des sciences et sous les 
auspices de M. le ministre de l’instruction publique. Premiére 
série. Tome XI. Paris, Gauthier-Villars, 1899. 4to. 462 pp. 

Fr. 25.00 


DoLANSKI (H.). Zwei Probleme: Dreitheilung des Winkels und Quad- 
ratur des Kreises. Reval, Kluge, 1898. 8vo. 27 pp., with table. 
M. 4.00 

EMMERICH. See HorFMANN (J.C. V.). 


GULDBERG (A.). Sur la théorie des congruences differentielles linéaires. 
Christiania, Dybwad, 1898. 

Hocnu (J.). Katechismus der Projectionslehre. Mit einem Anhang: 
Die Elemente der Perspective. Zweite Auflage. Leipzig, 1898. S8vo. 
8 and 153 pp., with 121 wood cuts. Cloth. M. 2.00 

HorFMANN (J.C. V.). Sammlung der Aufgaben des Aufgaben-Reper- 
toriums der ersten 25 Bande der Zeitschrift fiir mathematischen und 
naturwissenschaftlichen Unterricht. Herausgegeben unter Mitwir- 
kung von Stoll, systematisch geordnet von Emmerich und C. -Miise- 
beck. Leipzig, Teubner, 1898. 8vo. 12and399 pp. Cloth. 

M. 6.00 


LANNER (A.). See PEANO (G.). 
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Le Rovx (J.). Sur les équations linéaires aux dérivées partielles. 
Paris, 1898. 4to. 50 pp. 
Moya (A.). Elementos de matematicas. Cuarta edicion. Tomo II.: 
Geometria y trigonometria. Madrid, 1898. 4to. 343 pp. 
Fr. 10.00 
MiseEBECK (C.). See HOFFMANN (J.C. V.). 
OLTRAMARE (G.). Calcul de généralisation. Paris, 1898. 8vo. 
Fr. 6.00 
PEeANo (G.). Entwicklung der Grundbegriffe des geometrischen Cal- 
culs. Uebersetzt von A. Lanner. Leipzig, Fock, 1898. 8vo. 24 


pp. M. 1.00 
QUESTIONS AND SOLUTIONS, mathematical, from The Educational Times, 
edited by D. Biddle. Vol. 69. London, 1898. 8vo. 6s. 6d. 


SToLt. See HoFFMANN (J.C. V.). 
TSCHEBYSCHEFF. Tschebyscheff et son oeuvre scientifique, par Vassilieff. 
Paris, 1898. 8vo. Portrait. Fr. 4.00 


TorRoJA (E.). Tratado de geometria de la posicion y sus applicaciones 
4 la geometria de la medida. Cuaderno I. Madrid, 1898. 4to. 
112 pp. Fr. 5.50 

SOMMERFELD (A.). See ANNALEN, etc. 

VASSILIEFF. See TSCHEBYSCHEFF. 

—_ (G.). Corso di calcolo infinitesimale. Messina, Trimarchi, 


8vo. Fr. 8.00 
WHITTAKER (E. T.). On the connexion of algebraic functions with au- 
tomorphic functions. London, 1898. 4to. 32 pp. 1s. 6d. 


II. ELEMENTARY MATHEMATICS. 


BIDDLE (D.). See QUESTIONS AND SOLUTIONS. 

Bocnow (K.). Grundziige und Schemata fiir den Rechen-Unterricht 
an héheren Schulen. Mit einem Anhange: Die periodischen Deci- 
malbriiche nebst Tabellen fiir dieselben. Berlin, 1898. 8vo. sand 
74 pp. M. 1.20 

Boot (G.). See Hatron (J. L. 

Cook (J.). Algebra for Indian schools, with examples. London, Mac- 
millan, 1898. 12mo. 2s. 6d. 

DILWORTH (W. J.). New sequel to Euclid. Parts2and3. London, 
Blackie, 1899. S8vo. 124 pp. 2s. 

-——tThesame. Three parts, complete. 2s. 6d. 

EscARY. Remarques concernant les formules fondamentales de la tri- 
gonométrie. Paris, Hermann, 1898. 

Eucuip. See (W. J.) 

F. J.C. Solutions des exercices et problémes du cours supérieur d’ arith- 
métique. Paris, Poussielgue, 1898. 12mo. 12 and 468 pp. 

FRANCESCHI (G.). I principali solidi geometrici sviluppati in modo di 
renderne facile la costruzione. Naples, 1898. 24 pp. Fr. 1.00 

FRERES DES ECOLES CHRETIENNES. Arithmétique (cours élémentaire). 
Paris, Poussielgue, 1898. 12mo. 144 pp. 

a (cours moyen). Paris, Poussielgue, 1898. 16mo. 

pp. 
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——Petit systeme métrique (cours moyen). Deuxiéme partie. Paris, 
Poussielgue, 1898. 12mo. 12 and 468 pp. 

—Géométrie (cours élémentaire). Paris, Poussielgue, 1898. 12mo. 
4 and 87 pp. 

——Manuel d’ algébre et de trigonométrie. Livre de 1’ éléve. Paris, 
Poussielgue, 1898. 16mo. 8 and 216 pp. 

GUICHARD (C.). Traité de géométrie. Géométrie plane et géométrie 
dans |’ espace. Paris, Nony et Cie., 1899. 8vo. 7 and 447 pp. 

Fr. 5.00 


Hatron (J. L.S.) and Boon (G.). Elementary mathematics, includ- 
ing arithmetic, Euclid, and algebra. London, Whittaker, 1898. 
8vo. 364 pp. 2s. 6d. 

——tThe same with answers. 3s. 

LANE (W. W.). Spherical trigopometry, theoretical and practical, exem- 
plified by solution of a large number of spherical triangles. London, 
Macmillan, 1898. 8vo. 2s. 6d. 

LeBon (E.). Problémes de mathématiques pour le OTE (en- 
seignement classique, enseignement moderne). Paris, Colin et Cie., 
1898. 18mo. 470 pp. 

Loney (S. L.). Examples in arithmetic for schools. London, Macmil- 
lan, 1899. 12mo. 218 pp. 38. 6d. 

MAcE DE Lepinay (A.). See Vacquant (T.). 
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edited by D. Biddle. Volume 69. London, 1898. 8vo. 6s. 6d. 

Scumipt (H. C.) Zahlenbuch. Produkte aller Zahlen bis 1000 mal 
1000. Zweite Auflage. Ascherleben, Bennewitz, 1898. 8vo. 6 
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VacquanT (T.) et Macé DE Lipinay (A.). Legons d’algébre élémen- 
taire. Douziéme édition, revue, corrigée et suivie d’un complément 
sur les déterminants. Paris, 1898. 8vo. Fr. 6.50 

VERHELST (J. ). Cours d’algébre élémentaire. Deuxiémeédition. Par- 
tie II. : Calcul des radicaux, équations du second degré, etc. Brus- 
sels, 1898. 8vo. 200 pp. Fr. 2.50 


Ill. APPLIED MATHEMATICS. 


APPELL (M.}. Eléments d’analyse mathématique, 4 l’usage des in- 
génieurs et des physiciens. Cours profeasé a 1E’cole centrale des arts 
et manufactures. Paris, Carré et Naud, 1898. 8vo. 725 Pp. 


Baaai (V.). See Boccarpo (E. C.). 

BourGorn (J.). Etudes architectoniques et graphiques. Mathématiques. 
arts d’industrie, architecture, arts d’ornements, etc. Tome I.: In- 
tro uction générale, prolégoménes 4 toute géométrie comme 4 toute 
graphique. Paris, Schmid, 1899. S8vo. 10 and 142 pp. 

BoccarDo (E. C.).° Trattato elementare completo di geometria pratica. 
Parte II (topografia). Turin, 1898. 8vo. pp. 105 to 136. Fr. 1.50 

Brices (W.) and Bryan (G. H.). Tutorial dynamics (University 
tutorial series). London, Clive, 1899. 8vo. 320 pp. 

——Advanced mechanics. Volume II.: Statics. 2d edition. London, 
Clive, 1898. 8vo. 296 pp. 3s. 6d. 

BRYAN (G. H.). See Briaes (W.). 
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FaRaDAY His life and works, by 8. P. (Cen % | 
Science Series). New York, The Macmillan Co., 1899. 12mo. 
Cloth. $1. 95 
Recent advances in astronomy. London, 
250 pp. 
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(A.). Eléments de experimentale. & l’usage des éléves 
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